In this paper we prove the following theorem.
The condition that M is Levi-flat means that when M is locally defined by the vanishing of a C m real-valued function f , at every point of M the restriction of ∂∂f to the complex tangent space of M is identically zero.
The case of the nonexistence of C ∞ Levi-flat real hypersurface in P 2 is motivated by problems in dynamical systems in P 2 (see [LN] ). For some technical reason the method of this paper at this point can only yield the result for the case of P n with n ≥ 3. That technical reason will be explained later in this introduction.
By slicing we can reduce the case of a general n to the case of n = 3 with a weaker assumption of the order of differentiability of the Levi-flat, real hypersurface. The same proof works when P n is replaced by an irreducible compact Hermitian symmetric manifold X of complex dimension n whose bisectional curvature is (n − 2)-nondegenerate. (The definition for the (strong) nondegeneracy of the bisectional curvature is given in Definition 2.3.) Theorem 1. Let m ≥ 3n 2 + 7. Then there exists no C m Levi -flat, real hypersurface M in an irreducible compact Hermitian symmetric manifold X of complex dimension n whose bisectional curvature is (n − 2)-nondegenerate.
For the special case when M is assumed to be real-analytic, the Main Theorem was proved by Lins Neto [LN] . In that proof the real-analyticity is required to conclude the extension in an appropriate way of the structure of M to a neighborhood. The proof of the differentiable case here requires a completely different approach and is reduced to the regularity problem in solving the∂ b equation for a (0, 1)-form on the Levi-flat hypersurface M . Such a regularity statement is not expected to hold for a general Levi-flat manifold.
The main idea of the proof of Theorem 1 is to get a contradiction from the complex normal bundle T 1,0
M of the C m Levi-flat real hypersurface M in X. The contradiction comes from the following two facts. The first fact is that, when restricted to any local holomorphic leaf of the foliation of M , the complex normal bundle T M of the real hypersurface M is topologically trivial and admits a C 2 Hermitian metric along its fibers which has zero curvature when restricted to any local holomorphic leaf of the foliation of M . The two facts together give a Hermitian metric of the trivial complex line bundle over M whose restriction to any local holomorphic leaf of the holomorphic foliation of M carries some positivity. A contradiction occurs when one considers the point where − log of that Hermitian metric of the trivial line bundle achieves its maximum.
The main difficulty of the proof is the second fact, which is the analog, for the Levi-flat hypersurface M , of Kodaira's result that a d-exact (1, 1)-form on a compact Kähler manifold is the ∂∂ of a function. The proof of such an analog hinges on the regularity problem in solving the∂ b equation for a C m−1 (0, 1)-form α on M . The method used in our solution of the regularity problem in our case requires the dimension n of P n to be at least 3, though the second fact is expected to hold even for the case of n = 2.
Our method to prove the second fact is as follows. First α is extended to a C m−1 (0, 1)-formα on X whose∂ vanishes to order m − 2 at M . Then the L 2 estimates of∂ on X − M give a C m−1 (0, 1)-form β on X − M so that ∂β =∂α on X in the sense of currents and the quotient of β by the (m − 2)-th power of the distance function to M is L 2 in a neighborhood of M . This step involves use of the curvature property of X to give X − M a suitable complete Kähler metric constructed from the distance function to M so that − log of the distance function to M satisfies the condition that the sum of at least n − 2 of the eigenvalues of its complex Hessian with respect to the Kähler metric is bounded from below by a positive constant near M . It is in this step the condition that the n in P n is at least 3 is needed. This step corresponds to the L 2 analog of the vanishing of the second cohomology with compact support for Stein manifolds of complex dimension at least 3. After this step one solves for γ in∂γ =α − β on X and shows that the restriction of γ to M is C p for p ≤ n− 3n 2 −5 and∂ b γ = α. The conclusion that the restriction of γ to M is C p is derived by use of the pole order of the explicit kernel for the local solution of the∂ equation and the fact that the restriction to a real hypersurface of the solution of a∂ is L 1 when the right-hand side is L 2 .
The following is a more intuitive (but technically imprecise) way to explain why our proof of the Main Theorem requires n ≥ 3. If the∂ b -equation can be solved with regularity on M , then type considerations yield readily the second fact above, which says that any d-exact 2-form on M of type (1, 1) is ∂ b∂b -exact with regularity. The solvability of the∂ b -equation with regularity on M is handled by the L 2 analog of the following exact sequence:
is the cohomology group with compact support. The solvability of the∂ b -equation with regularity on M is analogous to the vanishing of H 1 (M, O X |M ). The cohomology group H 1 (X, O X ) is zero due, for example, to the simple connectedness of X. The vanishing of H 2 compact (X − M, O X ) and its L 2 analog require n ≥ 3 when X = P n .
In the general case of the nonvanishing of the (0, 1)-cohomology group, the proof of Kodaira's lemma on ∂∂-exactness uses the complex conjugation relation between the (1, 0) and (0, 1) cohomology groups in Hodge theory to overcome the difficulty. The difficulty of our case of P 2 with the nonvanishing of H 2 (P 2 − M, O P 2 ) (with L 2 bound) should probably be overcome with a technique corresponding to the complex conjugation property in Hodge theory used in the proof of Kodaira's lemma.
Theorem 1 should be generalizable to the nonexistence of any smooth, Levi-flat, real submanifold of real codimension q and constant complex dimension n − q in an irreducible compact Hermitian symmetric manifold of complex dimension n whose bisectional curvature is strongly (n − q − 1)-nondegenerate (possibly with the additional assumption that the determinant line bundle of the complex normal bundle of the submanifold is topologically trivial). A good modification of the last step in the argument to solve with regularity the∂ b equation on the Levi-flat real submanifold is needed, because the restriction to a real submanifold of higher real codimension of the solution of the∂-equation is no longer L 1 when the right-hand side is L 2 . A couple of other easier modifications are also needed for such a generalization and they will be discussed in Section 8 below.
For the conjectured case of the Main Theorem for P 2 , Ohsawa and Sibony [O-S] introduced a method to get a contradiction by constructing an infinite number of linearly independent holomorphic sections of a suitable line bundle L over P 2 by using a suitable complex line H in P 2 and extending smooth sections of L over H ∩ M first to M and then to all of P 2 . Their method reduces the problem to the regularity problem of solving the∂ b -equation for an L-valued (0, 1)-form on M , which still remains open. Their construction of an infinite number of linearly independent holomorphic sections of a suitable line bundle L over P 2 depends heavily on the fact that H ∩ M is a real curve and hence requires the dimension n of P n to be 2.
The technique given in this paper introduces a new way of obtaining regularity in solving the∂ b equation on a Levi-flat hypersurface. Unfortunately the conditions required for its use are very restrictive. As a matter of fact, in the setup of this paper there cannot be any Levi-flat hypersurface which sat-isfies such very restrictive conditions. It is worth exploring to see what cases of weakly pseudoconvex hypersurfaces this new way of solving the∂ b equation with regularity is applicable to.
Note that if an invariant transversal measure is assumed for the foliation of M , the usual techniques of Hodge theory apply to M to yield readily the ∂ b∂b -exactness of a d-exact (1, 1)-form on M with regularity.
The rest of the paper is devoted to the proof of Theorem 1.
1. The L 2 vanishing theorem for negative line bundles on complete Kähler manifolds
Both the statement and the proof of the L 2 vanishing theorem in this section are from known standard techniques and they are presented here just to get the result precisely in the form needed here.
Theorem 1.1 (The L 2 vanishing theorem for negative line bundles on complete Kähler manifolds). Let q be a positive integer. Let X be a complete Kähler manifold of complex dimension n > q and L be a holomorphic line bundle over X with a C m Hermitian metric along its fibers for some m ≥ 2. Assume that X is Stein or satisfies the weaker condition that every compact subset K of X admits an open neighborhood U such that the global holomorphic vector fields on U generate the tangent space of X at every point of U . Let κ 0 be a positive number. Further assume that at every point of X the sum of any n − q eigenvalues of the curvature form of L with respect to the Kähler metric of X is bounded from above by −κ 0 . Then for any measurablē ∂-closed L-valued (0, q)-form ω on X with X |ω| 2 finite, there exists a measurable L-valued (0, q − 1)-form u on X such that∂u = ω in the sense of currents and X |u| 2 ≤ 1 κ 0 X |ω| 2 . Moreover, the solution u is C k+1 on any open subset of X where ω is C k if k + 1 ≤ m.
Proof. Let g αβ be the complete Kähler metric of X and let h be the Hermitian metric of L and Θ αβ = −∂∂ log h be the curvature form of h. Here and in the rest of this paper we use the summation of convention of summing over a symbol appearing at the same time as a superscript and a subscript, without writing down the summation sign. Let Tr Θ = Θ αβ g αβ . For a C ∞ L-valued (0, q)-form ϕ on X we define the operator ϕ →Θϕ by
where the subscript (l) ν in the first term on the right-hand side means that the index in the ν-th position is replaced by the indexl. At an arbitrarily prescribed point P in X we can choose local coordinates at P so that g αβ is equal to the Kronecker delta δ αβ and the (1, 1)-form Θ αβ is in diagonal form with Θ αβ = λ α δ αβ , where the λ α are the eigenvalues of Θ αβ with respect to g αβ . Since n−q k=1 λ ν k ≤ −κ 0 for all 1 ≤ ν 1 < · · · < ν n−q ≤ n, it follows that Θ ϕ, ϕ ≥ κ 0 |ϕ| 2 at the point P , where ·, · and | · | denote respectively the pointwise inner product and the pointwise norm. By direct computation,
(see e.g., [Siu2, (1.3.4) ] where the curvature is defined with a different sign convention). When ϕ has compact support in X, integration by parts yields
where (·, ·) X and · X denote respectively the global inner product and the global norm over X. Let ψ be any L-valued (0, q)-form with compact support K in X which is L 2 and which belongs to the domain of∂ and the domain of∂ * . Since K admits an open neighborhood U so that global holomorphic vector fields of U generate the tangent space at every point of U , we can use biholomorphisms of a neighborhood of K defined by global holomorphic vector fields of U to smooth out ψ. By the argument of Friedrichs's lemma [Frie] we conclude that there exists a sequence of C ∞ , L-valued (0, q)-forms ϕ ν with common compact support in X which approach ψ in the graph norm in the sense that
We now remove the condition that ψ has compact support, but continue to assume that ψ,∂ψ, and∂ * ψ are all L 2 on X. Since the Kähler manifold X is complete, given any compact subset K in X we can find a C ∞ function 0 ≤ ρ ≤ 1 with compact support in X which is identically 1 in a neighborhood of K such that |dρ| ≤ 1 at every point of X. Then from
where ⊢ denotes the interior product, it follows that
As K goes through an increasing sequence of compact subsets which exhausts X, we conclude that the inequality
is still valid for all L 2 ψ with both∂ψ and∂ * ψ also L 2 . By writing ψ = ψ 1 +ψ 2 with ψ 1 ∈ Ker∂ and ψ 2 ∈ (Ker∂) ⊥ ⊂ Ker∂ * , we have
for all L 2 ψ with both∂ψ and∂ * ψ also L 2 . By Riesz's representation theorem applied to the functional∂ * ψ → (ψ, ω),
To get the final statement of u being C k+1 wherever ω is C k , we need to use the ellipticity of∂∂ * +∂ * ∂ . From (1.1.1) we obtain
which implies that there exists v such that∂v ∈ Dom∂ * and∂ * v ∈ Dom∂ and (∂∂ * +∂ * ∂ )v = ω (cf., [F-K, (1.3.8)] ). By applying∂ to the last equation and taking the inner product with∂v, we conclude that∂ * ∂ v = 0 and∂∂ * v = ω. Since∂ * v is orthogonal to Ker∂, it follows that u =∂ * v. From the ellipticity of the operator∂∂ * +∂ * ∂ it follows that u is C k+1 wherever ω is
2. Lower bound of the suhbarmonicity of the distance function to a Levi-flat hypersurface
We start with the following simple standard lemma.
Lemma 2.1 (The integral form of subharmonicity). For a function f which is C 2 in a neighborhood of 0 in C,
Proof. Let B(r) denote the open disk of radius r in C centered at the origin and let ∂ ∂ n denote the differentiation in the direction of the unit outward normal. When we apply r ρ=0 dρ ρ to both sides of
For any positive number ε
for ρ sufficiently small. It follows that
for r sufficiently small.
Notation. For tangent vectors σ and τ of a Kähler manifold X of complex dimension n the bisectional curvature for σ and τ is
where R(·, ·, ·, ·) is the Riemann curvature tensor and J is the complex structure operator of the tangent bundle T X of X. When σ = 2Re ξ and τ = 2Re η for tangent vectors ξ = ξ α ∂ ∂z α and η = η α ∂ ∂z α , the bisectional curvature for σ and τ is equal to
where R αβγδ are the components of the Riemann curvature tensor with respect to the local holomorphic coordinates z 1 , · · · , z n of X. When X is compact, for a closed subset A of X we denote by dist A the function on X whose value at a point P is the distance from P to A.
Proposition 2.2. Let X be a compact Kähler manifold and M be a C m Levi -flat real hypersurface in X with m ≥ 3. Let P 0 be a point of X − M such that the distance function dist M to M is C m−1 on some open neighborhood of P 0 and such that the shortest geodesic from P 0 to M is represented by a smooth curve Φ : [0, ℓ] → X parametrized by arc-length with Φ(0) = P 0 and
be the unit tangent vector of the geodesic Φ (where t is the coordinate of (0, ℓ]) and let σ j and τ j = Jσ j be respectively the parallel vector fields along Φ whose values at P 0 are ∂ ∂x j and
In particular, if there exists a positive number κ such that for any mutually orthogonal unit tangent vectors ξ 1 , · · · , ξ q of X of type (1, 0) and any unit tangent vector η of X of type (1, 0) one has
then the sum of any q eigenvalues of √ −1∂∂(− log dist M ) with respect to the Kähler metric is no less than κ at points of X near M .
so thatΦ(t, 0, 0) = Φ(t) and the differential dΦ ofΦ maps ∂ ∂u and ∂ ∂v to σ j and τ j respectively. Let L(u, v) be the arc-length of the curve
Let g(·, ·) be the Kähler metric of X and let Q 0 = Φ(ℓ). By the second variation formula
(see e.g., [Fra, formula (7) , p. 171]). Since both {z j = constant} and M are Levi-flat, it follows that
vanishes both at P 0 and at Q 0 (see e.g., [Fra, formula (8) , p. 171]). Hence
it follows from Lemma (2.1) that
Similar second-variation arguments in somewhat different settings were given in [T] , [E] , [Suz] .
We now recall the following definition which was introduced in [Siu2, p. 88] .
Definition 2.3. The bisectional curvature of a Kähler manifold X is said to be strongly s-nondegenerate when the following holds. If k and ℓ are positive integers, and
When the condition is satisfied only for the special case of k = 1, we say that the bisectional curvature of X is s-nondegenerate. The smallest s so that the bisectional curvature of X is (strongly) s-nondegenerate is called the degree of the (strong) nondegeneracy of the bisectional curvature of X.
Clearly, the degree of strong nondegeneracy of the bisectional curvature is no smaller than the degree of nondegeneracy of the bisectional curvature. However, from the computations carried out for irreducible compact Hermitian symmetric manifolds [C-V], [B] , [Siu1] , [Z] , it turns out that the degree of strong nondegeneracy of the bisectional curvature of an irreducible compact Hermitian symmetric manifold is always equal to the degree of nondegeneracy of its bisectional curvature, which is given as follows.
(1) The degree of (strong) nondegeneracy of the bisectional curvature of
(2) The degree of (strong) nondegeneracy of the bisectional curvature of
The degree of (strong) nondegeneracy of the bisectional curvature of Sp(n)/U(n) is 1 2 n(n − 1) + 1. (4) The degree of (strong) nondegeneracy of the bisectional curvature of SO(m + 2)/SO(m) × SO(2) is 2.
(5) The degree of (strong) nondegeneracy of the bisectional curvature of E 6 /Spin(10) × SO(2) is 6.
(6) The degree of (strong) nondegeneracy of the bisectional curvature of E 7 /E 6 × SO(2) is 11.
Proposition 2.4. Let X be an irreducible compact Hermitian symmetric manifold of complex dimension n and let s be the degree of the nondegeneracy of the bisectional curvature of X. Let M be a C m Levi-flat real hypersurface in X with m ≥ 3. Let ω 0 be the standard Kähler form on X. Let K be a compact subset of X − M so that from any point of X − (M ∪ K) to M there exists a unique minimal geodesic (and in the last statement of Proposition 2.2 points of X near M mean points in X − (M ∪ K)). Then the following conclusions hold.
(1) X − M is Stein.
(3) There exists a positive number κ 0 with the property that the sum of at least s eigenvalues of 
is a complete Kähler metric on X −M . Moreover, for a sufficiently small positive number ε there exists a positive number κ such that the sum of at least s eigenvalues of
with respect to the Kähler form ω is no less than κ.
Proof. Conclusion (1) follows from [H] . Conclusion (2) follows from Proposition 2.2 (or from techniques of [E] , [H] , [Suz] , [T] ). Conclusion (3) follows from Proposition 2.2 and Definition 2.3. To prove Conclusion (4) we first observe that, since both χ ′ and χ ′′ are everywhere nonnegative and χ ≡ 0 on (−∞, − log A], it follows from Conclusion (2) that χ • (− log dist M ) is weakly plurisubharmonic everywhere on X − M . Hence on X − M the (1, 1)-form
defines a Kähler metric. The completeness of X − M with respect to the Kähler metric ω results from considering the growth behavior at the origin of the Laplacian of the logarithm of the absolute value of the real part of a complex variable.
To check the remaining statement in Conclusion (4) about the lower bound of a sum of s eigenvalues, first consider a point
) with respect to ω 0 . It follows from Conclusions (2) and (3) that each λ j is nonnegative and
for any 1 ≤ j 1 < · · · < j s ≤ n, which implies that one of
2 for any nonnegative number a, it follows that
for any 1 ≤ j 1 < · · · < j s ≤ n. Next we observe that since ψ is strictly plurisubharmonic on {dist M ≥ A 3 }, when we consider only points in the compact set {dist M ≥ A 3 }, Conclusion (4) clearly holds (with κ set to be some κ ′ > 0). To get Conclusion (4) for points in the remaining compact set { We now use Conclusion (4) and apply Theorem (1.1) to the complete Kähler manifold X − M with Kähler metric ω and to the trivial line bundle with Hermitian metric e −ℓϕ . The∂-closed (0, q)-form v on X − M is L 2 with respect to the weight e −ℓϕ and the metric ω. By Theorem (1.1) there exists a measurable (0, q − 1)-form u on X − M such that∂u = v and
u is L 2 with respect to the weight e −ℓϕ and the metric ω, which implies that
with respect to the metric ω 0 and without any other weight, because of the inequalities comparing ω and ω 0 and their volume forms. It also follows from Theorem (1.1) that u is C k+1 on any open subset of X − M where v is C k if k + 1 ≤ m − 1.
Integral formula for solving the∂-equation for (0, 1)-forms
We recall here the explicit integral formula for solving the∂-equation for (0, 1)-forms on the ball from the theory of Henkin and Grauert-Lieb (see e.g., [R, Chap. V] ). From
it follows that for the ball B R of radius R in C n centered at the origin one has
for ζ ∈ ∂B R and z ∈ B R . Let
and
for ζ = z. The restriction of Ω to {λ = 0} is equal to the Bochner-Martinelli kernel
it follows that on {λ = 0} one has
where δ z is the Kronecker delta at z. For a function f (ζ) we apply Stokes' theorem to
on the bordered manifold defined by
and get
Since Ω(λ, ζ, z)| λ=1 is holomorphic in z ∈ B R it follows that for a∂-closed (0, 1)-form α on B R the function
satisfies∂ṽ(z) = α(z) for |z| < r 1 . We rewriteṽ(z) in the form
where K 1 (ζ, z) is C ∞ and satisfies |K 1 (ζ, z)| ≤ C|ζ − z| 2n−1 for some constant C. For our purpose we need the bound and the convergence behavior of the integral only for z ∈ B r 1 . Only the contribution from the BochnerMartinelli kernel K BM (ζ, z) needs to be considered.
Regularity of∂ b
Lemma 4.1. Let p and ℓ be positive integers such that ℓ > 3n 2 − 1 and p < ℓ − 3n 2 + 1. Let W be an open neighborhood of the origin in C n and f be a C p real-valued function on an open neighborhood U of the closure of W in C n such that f (0) = 0 and df is nowhere zero on U . Let S σ be the real submanifold of W defined by f = σ. Assume that for some σ * > 0 there is a C p family of C p diffeomorphisms ϕ σ parametrized by σ ∈ (−σ * , σ * ) such that for each σ the diffeomorphism ϕ σ maps S 0 diffeomorphically onto S σ and ϕ 0 is the identity.
(1) Let α > 1 and u be a measurable function on W such that u |f | α is L 1 . Then there exists a subsequence σ ν → 0 such that Sσ ν |u| → 0 as ν → ∞.
(2) Let u(z) be L 2 on W and let K(z, ζ) be a function on U of the form
|z−ζ| 4n−2 such that K 1 (z, ζ) is C p and |K 1 (z, ζ)| ≤ C|z − ζ| 2n−1 on U for some constant C. Let r > 0 such that the ball B(r) of radius r centered at the origin is contained in W and let
where dλ(ζ) is the Euclidean volume form in the variable ζ. Then each v| Sσ is L 1 and approaches v| S 0 in the L 1 norm as σ → 0 (in the sense that v • ϕ σ approaches v on S 0 in the L 1 norm on S 0 as σ → 0).
(3) If u and v are as in (2) with the additional assumption that
Proof. At an arbitrary point P 0 of S 0 we take a C p local coordinate system g 1 , · · · , g n at a point of S 0 with Im g n = f such that, for some σ P 0 > 0 and some open neighborhood G P 0 of P 0 in S 0 , the diffeomorphism ϕ σ maps the point in G P 0 with coordinates (g 1 , · · · , g n−1 , Re g n ) to the point in S σ with coordinates (g 1 , · · · , g n−1 , Re g n + √ −1 σ) for |σ| < σ P 0 with respect to the coordinate system (g 1 , · · · , g n ). By replacing our coordinate system (z 1 , · · · , z n ) by (g 1 , · · · , g n ) and replacing W by a smaller neighborhood of 0 we can assume without loss of generality, for the proofs of (1), (2), and (3), that f equals the imaginary part y n of z n and that the diffeomorphism ϕ σ maps the point (z 1 , · · · , z n−1 , Re z n ) to the point (z 1 , · · · , z n−1 , Re z n + √ −1 σ) in the coordinate system (z 1 , · · · , z n ).
(1) Let U (σ) = {yn=σ} u y α n . There exists no ε > 0 such that U (σ) ≥ 1 σ for all 0 < σ < ε; otherwise we have the contradictory conclusion
Thus there exists 0 < σ ν < 1 ν such that U (σ ν ) < 1 σν for all ν. We have
(2) Write z = (z 1 , · · · , z n ) and ζ = (ζ 1 , · · · , ζ n ). Let z ν = x ν + √ −1y ν and
First we claim that for any ε > 0 there exists some δ 0 > 0 such that {yn=σ} |v δ (z)| < ε for 0 < δ ≤ δ 0 and for all σ. We use C 1 , C 2 , C 3 to denote positive constants. Let
Let R = 2r. Using the fact that the Jacobian in the polar coordinate with radius τ is τ 2n−2 , we have
, which implies the claim, because {|ζ|<r,|ηn|≤δ} |u(ζ)| 2 → 0 as δ → 0. Now for fixed δ = δ 0 the function w δ (z) is C p in z for |y n | < δ. Hence there exists σ 0 > 0 such that the L 1 -norm of w δ | yn=σ − w δ | yn=0 as a function of the variables z 1 , · · · , z n−1 , x n is less than ε for |σ| < σ 0 . Thus the L 1 -norm of v| yn=σ − v| yn=0 as a function of the variables z 1 , · · · , z n−1 , x n is less than 3ε for |σ| < σ 0 , which proves Conclusion (2).
(3) To verify that v| yn=0 is C p , we write
On the manifold {y n = 0}, to justify the commutation of differentiation along a real direction and integration in the above improper integral, one need only check that the result of the differentiation is absolutely convergent. Any derivative D p K(z, ζ) of the kernel K(z, ζ) to order p (along the direction in {y n = 0}) satisfies
for some constant C 4 . Since
which is finite for 2ℓ > 2(2n + p − 1) − n = 3n + 2p − 2 or ℓ > 3n 2 + p − 1. (4) To prove Conclusion (4), we use a new C p local coordinate system of C n to straighten out the family {S σ } and to express the integral formula in Section 3 for solving the∂-equation and the∂ b operator on each S σ in terms of the new C p local coordinate system. We use pointwise C-linearly independent local C p−1 (1, 0)-forms θ 1 , · · · , θ n on C n such that the pullback of θ n to T
1,0
Sσ is identically zero for all σ. We write ω = n ν=1 u (ν)θ ν and write the∂ b operator on S σ as n−1 ν=1
σ for some vector fields ξ (ν) σ on S σ . More precisely, at an arbitrary point P 0 of S 0 , because of the integral formulas in Section 3, we can choose a C p local coordinate system g 1 , · · · , g n at a point of S 0 adapted to the C p family of real hypersurfaces S σ in the sense that the following conditions hold.
(i) Im g n = f .
(ii) The diffeomorphism ϕ σ maps the point (z 1 , · · · , z n−1 , Re z n ) to the point (z 1 , · · · , z n−1 , Re z n + √ −1 σ) in the coordinate system (z 1 , · · · , z n ).
(iii) There exist functions
(iv) There exists a holomorphic function F on U and there exist C p functions u (ν) (1 ≤ ν ≤ n) on U − S 0 constructed from ω such that each σ is a C p−1 family with parameter σ, it follows that the distribution ξ |f | ℓ that v| S 0 is C p on S 0 .
∂ b∂b -exactness and flat metrics
The following simple lemma is standard. We put it here just to get the precise statement we want concerning differentiability.
Lemma 5.1 (holomorphic foliation in Levi-flat real hypersurface). Let m ≥ 2 be an integer. Let M be a C m Levi -flat real hypersurface in a complex manifold X defined by the vanishing of a C m function f on X whose differential df is nowhere zero at points of M . Let J be the complex structure operator of the tangent bundle T X of X. Then Jdf = 0 defines a C m−1 foliation of M by local regular complex hypersurfaces of X.
Proof. The Levi-flatness of M means that d(Jdf ) = 0 identically on the zero-set of Jdf , because, by using local coordinates z 1 , · · · , z n and J(dz ν ) = √ −1 dz ν , computation in terms of dz ν , dz ν gives d(Jdf ) = −2 √ −1 ∂∂f . By using a local basis of 1-forms on M with Jdf as a member, we conclude that d(Jdf ) = (Jdf ) ∧ θ for some 1-form θ on M . By Frobenius's theorem the system of distributions defined by Jdf = 0 is integrable. The local integral hypersurfaces in M are complex-analytic, because their tangent spaces defined by df = Jdf = 0 are stabilized by J. Since f is C m , the foliation is C m−1 along the directions transversal to the leaves.
Lemma 5.2 (extension of cohomology classes). Let X be a complex manifold and M be a C m+1 Levi flat real hypersurface in X. Let α be a
. Then there exists a C m−1 (0, 1)-formα on X which extends α as a class (in the sense that the restriction ofα to T To give the details of the proof, we cover M by local coordinate charts W j such that each W j is Cauchy-Riemann equivalent to G j × I j by a C m+1 diffeomorphism, where G j is an open subset of C n−1 and
There is a unique m-jet extensionh jℓ of h jℓ (in a finite neighborhood of order m of W j ∩ W ℓ in X) so that∂h jℓ vanishes to order m − 1 at points of M and is skew-symmetric in j, ℓ. We can assume that the m-jeth jℓ is induced by a C m function onW j ∩W ℓ skew-symmetric in j, ℓ, which we again use the same symbolh jℓ to denote. It follows from the uniqueness that the m-jet extensioñ h jℓ +h ℓp +h pj vanishes to order m on W j ∩ W ℓ ∩ W p . The class defined by {h jℓ } j,ℓ will give us our extension by a partition of unity.
We now introduce a partition of unity. We take a C ∞ function ρ j onW j with compact support so that j ρ j is identically 1 on some open neighborhood D of M in X. We defineh j = ℓ ρ ℓhjℓ to geth jℓ =h ℓ −h j onW ℓ ∩W j ∩ D up to order m along W j ∩ W ℓ . Since∂h jℓ vanishes to order m − 1 at points of W j ∩ W ℓ , it follows that∂h j agrees with∂h ℓ on W j ∩ W ℓ up to order m − 1. Thus we can define an (m − 1)-jet extensionα of α as a class by settingα equal to∂h j onW j . We then extendα to a C m−1 (0, 1)-formα on X so that∂α vanishes to order at least m − 2 at points of M . Clearly from the construction ofα the (0, 1)-formα −∂h j vanishes to order at least m − 2 at points of W j andh j is C m onW j .
From
Proposition 5.3. Let X be an irreducible compact Hermitian symmetric manifold of complex dimension n and let s be the degree of the nondegeneracy of the bisectional curvature of X such that n − s ≥ 2. Let m ≥ 6 be an integer. Let M be a C m+1 Levi -flat real hypersurface in X. Letα be a C m−1 (0, 1)-form α on X such that∂α vanishes to order m − 2 at points of M . Then there exists a C m−1 (0, 1)-form β on X − M such that
is L 2 on X, by applying Conclusion (5) of Proposition (2.4) to v =∂α and ℓ = m − 4 and q = 2, we conclude that there exists a C m−1 (0, 1)-form β on X −M such that∂β =∂α on X −M such that
Take an arbitrary point P 0 of M . To verify∂β =∂α on some open neighborhood U of P 0 in X we choose U so that M ∩ U is the zero-set of some C m+1 function f on U with df nowhere zero at points of M ∩ U . We have to check that β,∂ * ϕ = α,∂ * ϕ for any C ∞ (0, 1)-form ϕ on U with compact support. For ε > 0 let ψ ε be a C ∞ function on U such that
(ii) ψ ε is identically zero on U ∩ {dist M < ε 2 }, and (iii) ∂ ψ ε ≤ C ε on U for some positive constant C.
Then clearly β,∂ * (ϕψ ε ) = α,∂ * (ϕψ ε ) for any C ∞ (0, 1)-form ϕ on U with compact support. We now use the fact that
as ε → 0, becauseα is C m−1 and m ≥ 6. From β,∂ * (ϕψ ε ) = α,∂ * (ϕψ ε ) it follows that β,∂ * ϕ = α,∂ * ϕ . Hence∂β =∂α.
Proposition 5.4 (regular solution of∂ b ). Let X be an irreducible compact Hermitian symmetric manifold of complex dimension n and let s be the degree of the nondegeneracy of the bisectional curvature of X such that n − s ≥ 2. Let m > Proof. By Lemma 5.2 there exists a C m function H on M such that α +∂ b H can be extended to a C m−1 (0, 1)-formα on X and∂α vanishes to order at least m − 2 at points of M and at every point P of M there exist an open neighborhood U of P in X and a C m function h on U withα −∂h vanishing at points of M ∩ U to order at least m − 2. By Proposition 5.3 there exists a C m−1 (0, 1)-form β on X − M such that∂β =∂α on X − M and
Nowα − β is a∂-closed (0, 1)-form on X. By the vanishing of H 1 (X, O X ) due to the simply connectedness of X, we can solve the equation
to get some L 2 function g on X so that g is C m−1 on X − M . Take a C m family of C m real hypersurfaces M σ in X for −ε < σ < ε such that M = M 0 and there is a C m family of C m diffeomorphisms ϕ σ : M → M σ parametrized by σ with ϕ 0 equal to the identity map of M 0 .
We claim that g| Mσ approaches some C p functionṽ on M in the L 1 sense as σ → 0 (when M 0 is identified with M σ via ϕ σ ) and∂ bṽ =α on M . We need only verify the claim locally. We take a point P in M and an open neighborhood U of P in X so thatα −∂h vanishes to order at least m − 2 at points of M ∩ U for some C m function h on U . Consider the equation
Since h is C m on U andα −∂h vanishes to order at least m − 2 at points of M ∩ U , it follows that when M 0 is identified with M σ via ϕ σ , the function g| Mσ approaches some C p functionṽ on M in the L 1 sense and∂ bṽ =α on M as σ → 0. Now we need only set v =ṽ − H on M .
Proposition 5.5 (analog in Levi-flat hypersurfaces of Kodaira's ∂∂ exactness). Let X be an irreducible compact Hermitian symmetric manifold of complex dimension n and let s be the degree of the nondegeneracy of the bisectional curvature of X such that n − s ≥ 2. Let m, p be integers such that m > 
Proof. By taking separately the real and imaginary parts of ω and θ, we can assume without loss of generality that both ω and θ are real-valued. Let θ = θ (1,0) + θ (0,1) so that θ (1,0) is a function on T 
Lemma 5.6. Let m ≥ 1. Let Y be a simply connected manifold and Z be a C m real hypersurface of Y . Then there exists a C m real-valued function g on Y whose zero-set is Z and whose differential dg is nonzero at points of Z.
Proof. We can cover Y by a simple covering of open subsets U j (j ∈ J) such that for each j ∈ J there exists a C m real-valued function g j on U j whose zero set is Z ∩ U j and whose differential dg j is nonzero at points of Z ∩ U j . By a simple covering we mean that k ν=1 U jν is either empty or simply connected for j ν ∈ J. Then
is a nowhere zero real-valued function on U j 1 ∩ U j 2 . Let
which is either identically 1 or identically −1, U j 1 ∩ U j 2 . The transition functions ε j 1 ,j 2 define a principal bundle over Y whose structure group is the multiplicative group consisting of two elements {1, −1}. Since Y is simply connected, this principal bundle is globally trivial over Y . Thus there exists a function ε j on U j (j ∈ J) which is either identically 1 or identically −1 such that ε j 1 ,j 2 = ε j 1 ε j 2 on U j 1 ∩ U j 2 if U j 1 ∩ U j 2 is nonempty. By replacing g j by ε j g j we can assume without loss of generality that ε j 1 ,j 2 ≡ 1 always and
which is a real-valued function on U j 1 ∩ U j 2 if U j 1 ∩ U j 2 is nonempty. Then {h j 1 ,j 2 } defines a cocycle with coefficients in R. By partition of unity we can find a
We can now define the real-valued function g on Y by setting g = g j e h j on U j .
Proposition 5.7 (existence of metric with zero curvature). Let X be an irreducible compact Hermitian symmetric manifold of complex dimension n and let s be the degree of the nondegeneracy of the bisectional curvature of X such that n − s ≥ 2. Let m ≥ Proof. By Lemma 5.6 M is the zero-set of some real-valued C m function f on X with df nonzero at points of M . We have the short exact sequence 
Curvature of quotient bundle
We now recall the domination of the curvature of a vector bundle by that of its quotient bundle, given e.g., in [G, pp. 196-199] .
Let E be a holomorphic vector bundle of rank r with a Hermitian metric over a complex manifold X, E ′ be a holomorphic subbundle of rank s of E, and Q be the quotient vector bundle E/E ′ . Let D E be a complex metric connection of E (i.e., a connection which agrees with∂ in the (0, 1)-direction and is compatible with the Hermitian metric of E). We choose a local orthonormal frame e α (1 ≤ α ≤ r) for E so that e α (1 ≤ α ≤ s) belongs to E ′ . Write D E e α = r β=1 ω β α e β . Since the connection is compatible with the metric, by differentiating e α , e β = 0 or 1 we conclude that ω β α = −ω α β for 1 ≤ α, β ≤ r. Since E ′ is a holomorphic subbundle of E, it follows that ω β α is of type (1, 0) for 1 ≤ α ≤ s and s < β ≤ n, because the covariant derivatives of e 1 , · · · , e s in any (0, 1)-direction are still spanned by e 1 , · · · , e s .
We identify Q with the orthogonal complement of E ′ in E. Let D Q denote the complex metric connection of Q defined by the metric of Q induced from E. We have D Q e α = r β=s+1 ω β α e β (s < α ≤ r). The verification is as follows. From ω β α = −ω α β for s < α, β ≤ r it follows that D Q is compatible with the metric of Q induced from E. Take a local section r α=s+1 f α e α of E whose image in Q is a local holomorphic section of Q. This means that we can find functions f 1 , · · · , f s such that r α=1 f α e α is a local holomorphic section of E. Let ξ be a tangent vector of X of type (0, 1). We have to verify that D Q r α=s+1 f α e α , ξ is zero. The holomorphicity of Equating the part spanned by e s+1 , · · · , e r and using the fact that ω γ α is of type (1, 0) for 1 ≤ α ≤ s and s < γ ≤ r, we obtain Proposition 6.1. Ω E (ξ,ξ)e, e ≤ Ω Q (ξ,ξ)ê,ê for any tangent vector ξ of X of type (1, 0) and for any e ∈ E inducingê ∈ Q.
Proposition 6.1 follows immediately from (6.0.1) and the fact that ω β α is of type (1, 0) for 1 ≤ α ≤ s and s < β ≤ n.
Contradiction from the maximum principle
We now give the last step of the proof of Theorem 1. Assume that M and X are from the assumptions of Theorem 1 and we are going to derive a contradiction. Let e −ϕ be the Hermitian metric of N M,X which has zero curvature along each holomorphic leaf of the foliation of M . Let Φ be the function ϕ − ψ on M . Let P 0 be the point of M where Φ achieves its maximum value. Let z 1 , · · · , z n−1 be the local holomorphic coordinate at P 0 of the holomorphic leaf through P 0 of the foliation of M such that are mutually orthogonal unit tangent vectors of X of type (1, 0) at P 0 . Let e be the unit tangent vector of X of type (1, 0) at P 0 which is orthogonal to T ∂ ∂z j , ∂ ∂z j e, e > 0 at P 0 , which is a contradiction and ends the proof of Theorem 1.
Remarks on generalizations to the higher codminsional case
For the generalization of Theorem 1 to the case where M is of real codimension q in X and the complex dimension of M is everywhere n − q, some modifications are needed.
The more difficult one, as mentioned in the introduction, is that Lemma 4.1 has to be suitably modified, because, when the real codimension of M is greater than 1, the restriction to M of a local solution of the∂-equation on X with an L 2 right-hand side is no longer L 1 on M .
One needed modification is to get a complete Kähler metric ω on X − M and a function ψ on X − M of the same order as − log dist M near M so that the sum of an appropriate number of eigenvalues of ψ with respect to ω has a positive lower bound on all of X − M . When the real codimension of M is greater than 1, in the directions normal to M the eigenvalues of − log dist M with respect to the standard Kähler metric ω 0 of X go to −∞ of order 2 as the point approaches M . In the good directions tangential to M the eigenvalues of − log dist M with respect to ω 0 have a positive lower bound as the point approaches M . On the other hand, the eigenvalues of ω with respect to ω 0 are expected to admit positive upper and lower bounds in directions tangential to M and to go to ∞ of order 2 in directions normal to M . One has the appropriate growth orders for such a modification. (A situation similar to ours but for a complex-analytic M can be found in [Sch] .)
Another needed modification is as follows. For our case of an M of real codimension 1 the result of Hirschowitz [H] is used in the proof of Proposition (2.4)(1) so that we can modify the function − log dist M at the conjugacy points of M and still have a positive lower bound for sums of an appropriate number of eigenvalues. When the real codimension of M is greater than 1, another way of modification of − log dist M at the conjugacy points of M has to be used. Proposition (2.4)(1) is used also to get the Stein property assumption in Theorem (1.1). However, that use is more a matter of expediency than absolute necessity.
